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Abstract. The asymmetric quantum Rabi model (AQRM) exhibits level crossings in
the eigenspectrum for the values ǫ = 1
2
Z of the bias parameter ǫ. Such level crossings
are expected to be associated with some hidden symmetry of the model. The origin
of this hidden symmetry is established by finding the operators which commute with
the AQRM hamiltonian at these special values. The construction is given explicitly
for the first several cases and can be applied to other related light-matter interaction
models for which similar level crossings have been observed in the presence of a bias
term.
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A challenge in understanding fundamental models of light-matter interaction is to
establish the origin of the observed hidden symmetry of the asymmetric quantum Rabi
model (AQRM). The AQRM describes the interaction of a two-level system (the qubit)
with a single mode bosonic field. The asymmetry of the model is due to the applied bias
term which breaks the well known Z2 symmetry of the quantum Rabi model [1]. In the
absence of bias, the AQRM reduces to the quantum Rabi model, which, along with other
related light-matter interaction models, have a long history of inspiring developments
from both the physical and mathematical perspectives [2]. The bias term plays an
important role in the realisation of the AQRM in quantum circuit devices [3, 4, 5].
The Z2 symmetry of the quantum Rabi model is associated with level crossings in the
eigenspectrum. The effect of the bias term is to break these level crossings. However,
it was observed that level crossings in the eigenspectrum of the AQRM are also present
for the values ǫ = 1
2
Z of the bias parameter ǫ [6]. These crossing points are determined
by constraint polynomials [7, 8, 9]. More generally these polynomials fit within the
general analytic solution obtained for the AQRM [6, 10, 11, 12, 13]. The level crossings
are physically important because they induce conical intersection points in the energy
landscape [14], for which the geometric phases associated with the Dirac-like cones have
recently been calculated [15].
The origin of the level crossings in the AQRM, and whether or not they are the
result of some hidden symmetry, has remained a puzzle. A numerical study [16] suggests
that, unlike for the Z2 symmetry of the quantum Rabi model, there is no parameter-
independent partitioning of the Hilbert space, implying that any hidden symmetry
operator must depend on the system parameters. In earlier work [17] a connection
is made with a Riccarti equation, although no explicit solutions are known.
In this Letter we uncover the hidden symmetry of the AQRM by explicitly
constructing the operators which commute with the AQRM hamiltonian. This is done
on a case by case basis.
First, we search for such operators in the form of 2 × 2 matrices in the qubit
space with matrix elements being operators in the bosonic Hilbert space (Fock space).
This results in a system of recurrence relations for their coefficients in the Fock basis.
Imposing certain symmetry conditions we derive a system of PDEs for generating
functions of these coefficients. Then we rewrite these equations in symmetric variables
and show that for ǫ = 1
2
Z there exists a nontrivial operator J such that a product of J
and the parity operator P is a local matrix operator in the bosonic space. Therefore,
J2 is also a local matrix operator in the Fock space. For the first few values of ǫ = 1
2
Z+
we checked that J2 is a polynomial in the hamiltonian of the AQRM of degree 2ǫ. This
naturally generalises the Z2 symmetry of the quantum Rabi model where J
2 = 1. Our
procedure can be applied to other related light-matter interaction models for which
similar level crossings in the eigenspectrum have been observed in the presence of a bias
term [18].
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The AQRM is defined by the hamiltonian
H = ωa†a + gσx(a + a
†) + ∆ σz + ǫσx, (1)
where σx, σz are the Pauli matrices for the two-level system with level splitting 2∆. The
operators a and a† satisfy the oscillator algebra
[a, a†] = 1. (2)
The interaction between the two systems is via the coupling g. This hamiltonian acts
in C2 ⊗H, where H is the Fock space. We can write the hamiltonian as a 2× 2 matrix
with operator entries
H =
(
a†a+∆ g(a+ a†) + ǫ
g(a+ a†) + ǫ a†a−∆
)
, (3)
where we have set the frequency ω = 1.
The hamiltonian has an obvious symmetry
σxH(∆)σx = H(−∆). (4)
By changing the basis in the C2 space we can also bring the hamiltonian (3) to the form
H˜ = UHU−1 =
(
a†a+ g(a+ a†) + ǫ ∆
∆ a†a− g(a+ a†)− ǫ
)
, (5)
where
U =
1√
2
(
1 1
1 −1
)
. (6)
Establishing the origin of the hidden symmetry of this model is equivalent to finding
an operator J which commutes with H
[J,H ] = 0. (7)
Obviously any series of the form
M∑
i=0
αiH
i (8)
commutes with H for any positive integerM . This is a “gauge” degree of freedom which
we will remove at the end.
We will search for the operator J as a 2 × 2 matrix with operator entries in the
Hilbert space H
J =
(
A(a†, a) B(a†, a)
C(a†, a) D(a†, a)
)
, (9)
where
A(a†, a) =
∞∑
m,n=0
am,n(a
†)man, B(a†, a) =
∞∑
m,n=0
bm,n(a
†)man, (10)
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C(a†, a) =
∞∑
m,n=0
cm,n(a
†)man, D(a†, a) =
∞∑
m,n=0
dm,n(a
†)man, (11)
with all coefficients depending on the parameters ∆, g and ǫ. We also imply that all
operators are normally ordered, i.e., all operators a† are always to the left of a’s.
Substituting (9)-(11) into (7) and using (2) one can obtain the following set of
recurrence relations for the coefficients
(m− n)am,n + ǫ(cm,n − bm,n)+
g(cm−1,n + cm,n−1 + (m+ 1)cm+1,n − bm,n−1 − bm−1,n − (n + 1)bm,n+1) = 0,
(m− n)dm,n + ǫ(bm,n − cm,n)+
g(bm−1,n + bm,n−1 + (m+ 1)bm+1,n − cm,n−1 − cm−1,n − (n+ 1)cm,n+1) = 0,
(m− n+ 2∆)bm,n + ǫ(dm,n − am,n)+
g(dm−1,n + dm,n−1 + (m+ 1)dm+1,n − am,n−1 − am−1,n − (n+ 1)am,n+1) = 0,
(m− n− 2∆)cm,n + ǫ(am,n − dm,n)+
g(am−1,n + am,n−1 + (m+ 1)am+1,n − dm,n−1 − dm−1,n − (n + 1)dm,n+1) = 0.
(12)
Boundary conditions imply that all coefficients with negative indices are equal to zero.
In general, the system (12) has infinitely many solutions. We can start excluding
coefficients with smaller indices in terms of coefficients with larger indices but this
is a non-ending process with a growing number of degrees of freedom. One can
impose terminating conditions on all coefficients and to search for polynomial solutions.
However, we found that such solutions always reduce to polynomials (8) in the
hamiltonian H . Therefore, we need to work with infinite series. In the process of
solving the system (12) we observed that for any m and n
cm,n = bn,m. (13)
This condition will be used later.
To further restrict degrees of freedom we will use the symmetry (4). We assume
that the integral J satisfies the same property
σx J(∆) σx = J(−∆). (14)
Then we can write
A(x, y) = D+(x, y)−∆D−(x, y), D(x, y) = D+(x, y) + ∆D−(x, y),
B(x, y) = B+(x, y) + ∆B−(x, y), C(x, y) = B+(x, y)−∆B−(x, y), (15)
where D±(x, y) and B±(x, y) are even functions of ∆. Here functions A(x, y), B(x, y),
C(x, y) and D(x, y) are obtained by replacing a† and a by x and y in (10)-(11).
Now we make another assumption
D±(x, y) = D±(y, x). (16)
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Then it follows from (13) and (14) that
B±(x, y) = ±B±(y, x). (17)
Since B−(x, y) is antisymmetric, we write
B−(x, y) = (x− y)B¯−(x, y), (18)
where B¯−(x, y) is symmetric. Next we make a change of variables
u = xy, v = x+ y (19)
and write
D±(x, y) = d±(u, v), B+(x, y) = b+(u, v), B¯(x, y) = b−(u, v). (20)
As an example, let us consider solutions Jk corresponding to powers H
k of the
hamiltonian. We denote the corresponding functions as d
(k)
± (u, v) and b
(k)
± (u, v). A
straightforward calculation gives
d
(0)
+ = 1, d
(0)
− = 0, b
(0)
+ = 0, b
(0)
− = 0, (21)
d
(1)
+ = u, d
(1)
− = −1, b(1)+ = ǫ+ gv, b(1)− = 0, (22)
d
(2)
+ = u(u+ 1) + gv(2ǫ+ gv) + g
2 +∆2 + ǫ2, d
(2)
− = −2u,
b
(2)
+ = gv(2u+ 1) + 2ǫu, b
(2)
− = 0, (23)
d
(3)
+ =u(u
2 + 3u+ 3∆2 + 1 + 3ǫ2) + 3ǫgv(2u+ 1) + 3g2(u+ 1)v2 + g2(3u+ 1),
d
(3)
− =− 3u(u+ 1)− 2ǫgv − g2(1 + v2)−∆2 − ǫ2,
b
(3)
+ =3ǫu(u+ 1) + gv(1 + 3ǫ
2 +∆2 + 3u(u+ 2)) + 3ǫg2(v2 + 1)+
g3v(v2 + 3) + ǫ3 + ǫ∆2,
b
(3)
− =g. (24)
We see that b
(k)
− , k = 1, 2, 3, is very simple, but it is not trivial. For k = 4
b
(4)
− = 2g(1 + 2u). (25)
For higher values of k, b
(k)
− becomes a polynomial in both u and v.
Now we can rewrite recurrence relations (12) for the generating functions A(x, y),
B(x, y), C(x, y) and D(x, y). Due to (14) only two of them are linearly independent
(δx − δy + 2∆)B + ǫ(D − A) + g((x+ y)(D− A) + ∂xD − ∂yA) = 0, (26)
(δx − δy)A+ ǫ(C − B) + g((x+ y)(C − B) + ∂xC − ∂yB) = 0, (27)
The hidden symmetry of the asymmetric quantum Rabi model 6
where we have denoted δx = x∂x and dropped the arguments x and y in all four functions.
Now we substitute (15) into (26)-(27) and decouple the even and odd parts in h of
both equations. This gives four equations
(δx − δy)D+ + g(∂x − ∂y)B+ = 0,
(δx − δy)D− + 2ǫB− + g(2(x+ y)B− + (∂x + ∂y)B−) = 0,
(δx − δy)B+ + 2∆2B− + g(∂x − ∂y)D+ = 0,
(δx − δy)B− + 2B+ + 2ǫD− + g(2(x+ y)D− + (∂x + ∂y)D−) = 0. (28)
Finally using (18) and (20) we rewrite them in symmetric variables u and v
∂vd+(u, v)− g∂ub+(u, v) = 0, (29)
∂vd−(u, v) + 2(ǫ+ gv)b−(u, v) + g(2∂v + v∂u)b−(u, v) = 0, (30)
∂vb+(u, v)− g∂ud+(u, v) + 2∆2b−(u, v) = 0, (31)
[(v2 − 4u)∂v + v]b−(u, v) + 2b+(u, v) + [2ǫ+ g(2v + 2∂v + v∂u)]d−(u, v) = 0. (32)
It is easy to check that (21)-(24) solve these four equations.
This is still a very complicated system of partial differential equations but much
simpler than the original one. To make further progress, let us assume that b−(u, v) is
given by a finite series in v
b−(u, v) =
M−1∑
k=0
fk(u)v
k. (33)
Here we set the upper limit to be M − 1 to include the simple case b−(u, v) = 0 when
M = 0.
Substituting (33) in (30) and integrating over v we find d−(u, v) up to an arbitrary
function h1(u). Then from (32) we can find b+(u, v). Integrating (29) we find d+(u, v)
up to another arbitrary function h2(u). Substituting all functions in (31), we get a finite
series in v with coefficients depending on u. Equating all coefficients at powers of v to
zero, we get a system of differential equations for fk(u) and h1,2(u) which can be solved
directly.
This program does not work (or is hard to implement) for an infinite series in
(33), when we get an infinite system of ODEs for functions fk(u). Another approach is
to exclude functions b+(u, v), d+(u, v) and d−(u, v) from (29)-(32) and derive the 2nd
order partial differential equation for b−(u, v). However, this complicated equation has
polynomial coefficients in u and v and cannot be solved by any known techniques. We
shall not give it here.
We now turn to the specific details for the first few cases.
(i) The case M = 0
In this case b−(u, v) = 0 and integrating (29), (30) and (32) gives
d−(u, v) = h1(u), b+(u, v) = −(ǫ+ gv)h1(u)− 1
2
gvh′1(u), (34)
d+(u, v) = h2(u)− 1
2
gv(2ǫ+ gv)h′1(u)−
1
4
g2v2h′′1(u). (35)
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Substituting (35) into the last equation (31) we obtain a solution for h1(u) and h2(u)
h1(u) = αe
−2u + β1 + β2u, h2(u) = −β1u− β2
2
u(u+ 1) + β3, (36)
and a compatibility condition
α ǫ = 0. (37)
The coefficients βi correspond to “gauge” solutions (21)-(23). The only nontrivial
solution exists when ǫ = 0 and is given by
d+(u, v) = b+(u, v) = b−(u, v) = 0, d−(u, v) = e
−2u. (38)
Writing this solution back in the form (9) and dividing by ∆ gives
J =
(
P 0
0 −P
)
, (39)
where P is the parity operator in the bosonic space
P =: e−2a†a : (40)
and we used the notation for normally ordered operators
: f(a†, a) :≡
∞∑
i,j=0
fi,j(a
†)iaj . (41)
It is not difficult to check that
P2 = 1, (42)
and as a result
J2 = 1. (43)
Finally, using the relation
: e−2a+a : = eipi a+a (44)
we recover the well known Z2 symmetry of the symmetric Rabi model
J = eipi a+a ⊗ σz. (45)
The equation (44) follows from the identity
eλa+a =: e(e
λ−1)a+a : (46)
which can be proved by calculating the action of both parts of (46) on the Fock basis
|n〉 = 1√
n!
an+|0〉 (47)
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and comparing the results.
Applying the equivalence transformation (6) we can also rewrite J in the
transformed basis
J˜ = UJU−1 = P ⊗ σx. (48)
(ii) The case M = 1
Here we choose
b−(u, v) = f(u). (49)
Repeating the same procedure as in the previous section we find that there is a nontrivial
integral provided that
ǫ = ±1
2
. (50)
We consider the case ǫ = 1
2
. The corresponding solution has the form
d+(u, v) = −∆
2
g
e−2u, d−(u, v) = e
−2u(2g − v),
b+(u, v) = 0, b−(u, v) = e
−2u. (51)
After renormalisation the operator J takes the form
J = P
(
a† − a+ 2g + ∆
g
a† + a
−a† − a a− a† − 2g + ∆
g
)
, (52)
where P is the parity operator defined by (40).
It is an easy exercise to check that the operators (52) and (3) commute when ǫ = 1
2
.
We see that the operator J is a product of a parity operator P and a local matrix
operator in the bosonic space. In the case ǫ = 0 this local operator was simply equal to
σz. In the transformed basis this operator J becomes very simple
J˜ = UJU−1 = 2P
 ∆2g g − a
g + a† ∆2g
 . (53)
Finally, it is interesting to calculate J2 to understand the spectrum of the operator
J . Using commutation relations
Pa†P−1 = −a†, PaP−1 = −a (54)
one can easily obtain
J2 = 4H + λ, λ = 4g2 +
∆2
g2
+ 2. (55)
Therefore, for a given eigenvalue E of the hamiltonian H the operator J has one of the
two possible eigenvalues J(E), where
J(E) = ±
√
4E + λ. (56)
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The whole Hilbert space will be again divided into two sectors with positive and negative
eigenvalues of J . However, this separation is “dynamic” in some sense because it mixes
degrees of freedom in bosonic and spin spaces.
(iii) The case M = 2.
Here we calculate the operator J for the case
b−(u, v) = f0(u) + f1(u)v. (57)
It only exists when ǫ = ±1 and we again choose ǫ = 1.
Repeating all calculations we obtain
J = P
(
2g2((a†)2 + a2) + 2g(2g2 +∆)(a† − a) + (2g2 +∆)2,
2g2(a2 − (a†)2)− 4g3(a† + a) + ∆,
2g2((a†)2 − a2) + 4g3(a† + a) + ∆
−2g2((a†)2 + a2)− 2g(a† − a)(2g2 −∆)− (2g2 −∆)2
)
. (58)
We notice that (52) and (58) satisfy (14) with the minus sign in the RHS. This is because
J had a common factor ∆ and we removed it for convenience.
Again the operator J simplifies in the transformed basis
J˜ = P
(
(4g2 + 1)∆ + 2g∆(a† − a) ∆2 + 4g2(g − a)2
∆2 + 4g2(g + a†)2 (4g2 − 1)∆ + 2g∆(a† − a)
)
. (59)
A straightforward calculation shows that J2 is a quadratic polynomial in H , namely
J2 = 16g4H2 + 8g2(4g4 + 2g2 +∆2)H + 16g6(g2 + 1) + ∆2(8g4 + 4g2 + 1) + ∆4. (60)
It is tempting to conjecture that the off-diagonal entries of J˜ depend separately on a
and a† as in (53) and (59). However, for M > 2 this is not the case. Apparently for
any half-integer ǫ the integral J is a product of P and a matrix polynomial in a†, a of
degree 2ǫ. Finally, we have calculated J for M = 3, 4, 5 and checked that
J2 =
M∑
i=0
αi(g,∆)H
i, (61)
where coefficients αi are polynomials in g and ∆. These coefficients quickly become
complicated for larger values of M .
It is not clear whether or not one can write a general formula for J , with
M = 2ǫ ∈ Z+. Finally, we notice that the authors of [17] argued the existence of
the operator J for generic values of ǫ. However, their construction fails for ǫ = 1
2
Z.
Moreover, their operator J always satisfies the condition J2 = 1 which is obviously not
the case in (61). Since their result is mostly of an existential nature, we can’t compare
it with our results.
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